
gravitating pair of particles must be expressed in the famous

mathematical statement of universal gravitation

:

F _ _ Gmxm2
(8_g)

where G is a constant to be found by experiment, and m, and m 2

are the inertial masses of the particles. We shall return to the

matter of determining G in practice, but first we shall discuss

the famous problem that led Newton toward some of his greatest

discoveries concerning gravitation.

THE MOON AND THE APPLE

It is an old story, but still an enthralling one, of how Newton,

as a young man of 23, came to think about the motion of the

moon in a way that nobody had ever done before. The path of

the moon through space, as referred to the "fixed" stars, is a

line of varying curvature (always, however, bcnding toward the

sun), which crosses and recrosses the earth's orbit. But of course

there is a much more striking way of looking at it—the familiar

earth-centered view, which shows the moon describing an ap-

proximatcly circular orbit around the earth. To this extent it is

quitc like the planetary-orbit problem that we have just been

discussing. But Newton, with his extraordinary insight, con-

structed an intellectual bridge between this motion and the

behavior of falling objects—the latter being such a commonplace

phenomenon that it needed a genius to rccognize its relevance.

He saw the moon as being just an object falling toward the earth

like any other—as, for example, an apple dropping off a tree in

his garden. A very special case, to be sure, because the moon was

so much farther away than any other falling object in our ex-

perience. But perhaps i t was all part of the same pattern.

As Newton himself described it, ' he began in 1665 or 1666

to think of the earth's gravity as extending out to the moon's

orbit, with an inverse-square relationship already suggested by

Kepler's third law. We could of course just restate the cen-

tripetal acceleration formula and apply it to the moon, but it is

illuminating to trace the course of Newton's own way of dis-

cussing the problem. In effect hc said this: Imagine the moon

at any point A in its orbit (Fig. 8-7). If freed of all forces, it

'See the Prologue of this book.
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Fig. 8-7 Geometry ofa small

portion ofa circular orbit, show-

ing the deviation y from the

tangential straiglu-line displace-

ment AB ( = x) lltat would be

followed in the absence ofgracity.

would travel along a straight line AB, tangent to the orbit at A.

Instead, it follows the arc AP. If O is the center of the earth,

the moon has in effect "fallen" the distance BP toward O, even

though its radial distance r is unehanged. Let us caleulate how
far the moon falls, in this sense, in 1 sec, and compare it with

the distance of about 16 ft that an object projected horizontally

near the earth's surface would fail in that same time.

First, a bit of analytic geometry. If we denote the distance

AB as x, and the distance BP as y, it will be an exceedingly good

approximation to put

y ~2r (8-9)

One way of obtaining this result is to consider the right triangle

ONP, in which we have

ON = r - y NP = x OP = r

Hence, by Pythagoras' theorem,

(r - y)
2 + x2 = r2

x2 = 2ry - y
2

Since y « r for any small value of the angle d, Eq. (8-9) follows

as a good approximation. Furthermore, since (again for small d)

the arc length AP (= s) is almost equal to the distance A B, we
can equally well put
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y « *- (8-10)

In order to put numbers into this formula we need to know

both the radius and the period of the moon's orbital motion.

The distance to the moon, as known to Newton, depended on the

two-step process devised by the ancient astronomers—finding

the earth's radius and finding the moon's distance as a multiple

of the earth's radius. A rcminder of these classic measurements

is given in Figs. 8-8 and 8-9 and the accompanying discussion

(pp. 259-261). The final result, familiar to everyone, is that the

moon's orbit radius r is about 240,000 miles ~ 3.8 X 10
8 m.

Its period T is 27.3 days « 2.4 X 10
fi

sec. Therefore, in 1 sec it

travels a distance along its orbit given by

r , s
2ttX 3.8 X 10* _ |WM(m 1 sec) s =
2A x 1Q|

- - « 1000 m

During this same time it falls a vertical distance, which we will

denote y>i to identify it, given [via Eq. (8-10)] by

(ini sec) >-i«7:
6-^lo«

=1
-3X,0

~
3m

In other words, in 1 sec, while traveling "horizontally" through

a distance of 1 km, the moon falls vertically through just over

1 mm, or about 5V in.; its deviation from a straight-line path is

indeed slight. On the other hand, for an object near the earth's

surface, projected horizontally, the vertical displacement in

1 sec is given by

y2 = yr- = 4.9 m

Thus

'i
- « x 'O"'' -m

Newton knew that the radius of the moon's orbit was about

60 times the radius of the earth itself, as the ancient Greeks

had first shown. And with an inverse-square law, if it applied

equally well at all radial distances from the earth's center, we

would expect yjy* to be about 1/3600. It must bc right!

And yet, what an astounding result. Even granted an inverse-

square law of attraction between objccts separated by many

times their diamctcrs, one still has the task of proving that an
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object a few feet above the earth's surface is attracted as though

the whole mass of the earth were concentrated at a point 4000

miles below the ground. Newton did not prove this result until

1685, nearly 20 years after his first great insight into the problem.

He published nothing, either, until it all came out, perfect and

complete, in the Principia in 1687. One way of solving the problem

follows on p. 262 (after the special section below).

FIND1NG THE D1STANCE TO THE MOON

The earth's radius

About 225 B.c. Eratosthenes, who lived and worked at Alexandria

near the mouth of the Nile, reported on measurements made on

the shadows cast by the sun at noon on midsummer day. At

Alexandria (marked A in Fig. 8-8) the sun's rays made an angle

of 7.2° to the local vertical, whereas corresponding measurements

made 500 miles farther south at Syene (now the site of the

Aswan Dam) showed the sun to be exactly overhead at noon.

(In other words, Syene lay almost exactly on the Tropic of

Cancer.) It follows at once from these figures that the arc AS,

of length 500 miles, subtends an angle of 7.2° or g rad at the

center of the earth. Hcnce

500 _ 1

Re ~ 8

or

Re ~ 4000 miles

Fig. 8-8 Basis of the

method useci by

Eratosthenes to find

the earth's radius.

When the midday sun

was exactly overhead

at Syene (S) its rays

fell at 7.2° to the verti-

cal at Alexandria (A).
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